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Abstract 

In this paper, we introduce two new famiUes of infinite-dimensional simple Lie algebras and 
a new family of infinite-dimensional simple Lie superalgebras. These algebras can be viewed as 
generalizations of the Block algebras. 

1 Introduction 

Block [B] introduced certain analogues of the Zassenhaus algebras over a field with charac- 
teristic and showed that they are simple under a certain condition. A family of infinite- 
dimensional simple Lie superalgebras was constructed in [X2] as the Lie superalgebras 
induced by the Hamiltonian superoperators associated with certain Novikov-Poisson al- 
gebras (cf. [XI]). These algebras can be viewed as generalizations of the Block algebras. 
In the classification of Gel'fand-Dorfman bialgebras (equivalently, certain Hamiltonian 
pairs) whose Novikov algebraic structures are simple with an idempotent element, we 
found in [X3] new Lie algebras, which can also be viewed as generalizations of the Block 
algebras . In this paper, we shall present more general simple Lie superalgebras that can 
be viewed as generalizations of the Block algebras. One of our motivations of this paper 
is to understand the simplicity of the Lie superalgebras generated by certain quadratic 
conformal superalgebras (cf. [X3], [X5]). This is a subsequent paper to [X4]. 

Throughout this paper, let F be a field with characteristic 0. All the vector spaces 
are assumed over F. Denote by Z the ring of integers, by N the set of natural numbers 
{0,1,2,3,...}. 

Let r be a nonzero torsion-free abelian group. Moreover, we also view F as a Z-module. 
Suppose that ■) : F x F F is a skew-symmetric Z-bilinear form and : F — > F is an 
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additive group homomorphism. Let Ar be a vector space with a basis {x" | a e F}. The 
following Lie bracket on is given by Block [B]: 

[x'^,x^]b = {(j){a,l3) + ip{a- I3))x"+^ iora,l3eT, (LI) 

where either (/? = or there exists another additive group homomorphism </7i : F — > F 
such that 

0(a, f3) = ipia)ipiii3) - ipi(3)ipiia) for a, /3 e F. (L2) 

We call (^r, [•, ■]b) a Block algebra. If (/? = and Rad^ = {0}, then (^r, [•, ■]b) has the 
one-dimensional center Fx°, and Ar/^x^ is simple. When is given by (1.2), 

ker^l^ker^^ = {0} and (fi{oi) ^2 for a e ker^, (1.3) 

the Lie algebra (^r, [■, -Js) is simple (cf. [B]). The case when the second condition in 
(1.3) fails was tackled by Dokovic and Zhao [DZ]. Some special cases of our generalized 
Lie algebras of Cartan type H in [X4] can be viewed as generalizations of (^r, [•, "Ib) with 
(f = 0. In this paper, we shall introduce three families of generalizations of the Block 
algebra when is given by (1.2). 

Let n be a positive integer. We denote 



l,n = {l,2,3,...,n}. (1.4) 

Pick 



Jpe{{0},N} forpel,n. (1.5) 



Let {ipp I p e l,n} he n additive group homomorphisms from F to F such that 



(^p ^ if = {0} for pel,n, (1.6) 

n 

fl ker^^ = {0}. (1.7) 

p=i 

Condition (1.7) implies that F is isomorphic to an additive subgroup of F". 
Set 

J = Ji X J2 X • • • X J„, (1.8) 

where the addition on J' is defined componentwisely. Moreover, we denote: 

= (0,..,?,0,...,0) for iejp. (1.9) 
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We assume that F is a torsion- free abelian group throughout this paper. We allow T = {0}. 
Let An be a vector space with a basis 

{x""'' \{a,i) eV X J}. (1.10) 

We define an algebraic operation • on An by: 

^a,i . ^ ^a+p,i+l for (a, i), ((3 J) eTxJ. (1.11) 

Then An forms a commutative associative algebra with an identity element which 
will be simply denoted by 1 in the rest of this paper. Throughout this paper, the notion 
"•" will be invisible in a product when the context is clear. For p e l,n, we define 
dp e End An by 

dp{x'^'') = ipp{a)x'^'' + ipx'^^'-^i^^ (1.12) 

for [a, i) E r X J', where we adopt the convention that if a notion is not defined but 
technically appears in an expression, we always treat it as zero; for instance, = 

for any o; e F. It can be verified that {dp \ p & i,n} are derivations of An- 

Class I. 

Let n — 2. We define the following algebraic operation [•,•]! on A2- 

[u, v]i — di(u)d2(v) — di{v)d2(u) + udi(v) — di(u)v for u,v E A2- (1-13) 

Then {A2, [•, -Ji) forms a Lie algebra by (3.45) in [X3]. By (1.7), there exist at most one 
element ai e ker^^ and one element (72 G ker^^ such that (p2{ci) — 1 and (p2{c2) — 2, 
respectively. If such a ai exists, then x""^'^ is a central element of A2- We treat x'^^'^ as 
e ^2 when such do not exist. Form a quotient Lie algebra 

B2 = ^2/Fx^^'° (1.14) 

whose induced Lie bracket is still denoted by [•,•]! when the context is clear. 

Theorem 1. The Lie algebra {B2, [■, -Ji) is simple if J ^ {0} or 02 does not exists. If 
J = {0} and (T2 exists, then B^^^ = [B2, B2] is simple and B2 = B^^^ © (Far'^^.o ^ ^^ai,o-)_ 

The special case J = {0} of Theorem 1 is due to Block [B] and due to Dokovic and 
Zhao [DZ]. However, our proof is different from theirs. We also remark that if we allow 
82 = (equivalently, (1.6) only holds for p = 1), then {A2, [•,•]) is a known rank-one simple 
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Lie algebra of generalized Witt type, which including the centerless Virasoro algebras as 
a special case. 

Class II. 

Let n — A and assume 

Pi ker^^ \ ker^^ for p e M. (L15) 

Let 

Qio e r \ [(ker^^ Pi ker^J (J(ker^3 Q ker^^)] (1-16) 
be a fixed element such that 

(Pp{ao) e <^p(ker^3pker^J, (pg{ao) G <^g(ker^^ Q ker^J (1-17) 

for p = 1, 2 and q — 3,4:. We define the following algebraic operation [•, •]2 on A4 by 

[u,v]2 = x"°'°>iHa2(t;)-ai(tOa2(n)) + (a3Ha4(t;)-a3(t;)94(«)) 

+(p3{ao){ud4{v) - di{u)v) - ^pi{aQ){udz{v) - d2,{u)v) (1-18) 

for u,v E A4. It can be verified that {A4, [■, •]2) forms a Lie algebra. By (1.7), there exists 
at most one element a G ker^^ f]ker<^2 such that (p3{cr + ao) = (p4{(T + oq) = 0. If such a 
a exists, then a;'^'° is a central element of A^. Form a quotient Lie algebra 

B4 = Aa/Wx"'^ (L19) 

whose induced Lie bracket is still denoted by [■, ■]2 when the context is clear, where we 
treat x'^'^ as e ^4 when such a a does not exist. 

Theorem 2. The Lie algebra {B4, [•, •]2) is simple ij J ^ {0} or there does not exist 
p G r such that 

(flip - ao) = </?2(p - ao) = ^sip + 2q;o) = Vsip + 2q;o) = 0. (1.20) 

If J' = {0} and there exists p G F such that (1.20) holds (it is unique by (1.7)), then 
^(1) = [^4, ^4)2 is simple and = B^l^ © {¥xP'^ + Fa;'"'°). 

Class III. 

The third class of generahzed Block algebras are Lie super algebras, where some special 
cases of these Lie superalgebras had been obtained in [X2] . Set 

A = A2^ A2 = Aq®Ai (1.21) 
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with 

A = (A,0), ^ = (0,A). (1.22) 

Moreover, we denote 

U[o]^{%Q), u[i] = {0,u) (1.23) 

for u G A2- 

Let Qio G r and £ e F be fixed elements. Define an algebraic operation [•, •] on A by 

[m[o],V[o]] = [di{u)d2{v) - di{v)d2{u) + e{udi{v) - di{u)v)\o], (1.24) 
[«[i],t;[i]] = (x"°'°«^;)[o], (1.25) 

[M[0],^^[1]] = -[^[1],M[0]] = (<9i(m)(92(w) - (9i(w)(92(m))[i] 

+£ ^ti9i(v) - ]^di{u)v^ + ^((^2(Q!o)5i(m)^^ + (^i(q!o)(£m^^ - d2{u)v\^ (1.26) 

for G A2- We have verified that (^4, [■, ■]) forms a Lie superalgebra. In fact, the Lie 
superalgebra (£, [•, •]) in Theorem 5.3 of [X2] is a special case of {A, [•, •]). We shall not 
present the tedious lengthy verification of the Jacobi identity for {Ai [•,•]) in this paper. 
Up to equivalence of constructions, we only need to consider the cases when £ = 0, 1. The 
special case when £ = and ckq = was included in the supersymmetric extension of the 
Lie algebras of Cartan type H in Section 6.3 of [X6]. Set 

B = A + = (1.27) 

Then B forms a subalgebra. Moreover, we set 

- I B/F(x-.°)[o] if£=l, ^ 

where ai G ker<^j and (/52(o"i) = 1 as in Class L Now we allow the case £ = 1, ip2 = ^ and 
J2 = {0}; equivalently, we only assume that (1.6) only holds for p = 1 when £ = 1. 

Theorem 3. The pair {C, [•, •]) forms a simple Lie superalgebra ife — 1 or e — 0, olq^ 
0, and 

ker^j ^ ker^2 if ^2^^ and ker^j 't- ker^^^ if 991 ^ 0. (1.29) 
Moreover, the codimension of B in A is at most 1 under the above condition (1.29). 

The above class of simple Lie superalgebras include the centerless super Virasoro 
algebra as a special case. 



5 



The following fact in linear algebra will be used in the proofs of Theorem 1 and 
Theorem 2. 



Lemma 4. Let T be a linear transformation on a vector space U and let Ui be a 
subspace of U such that T{Ui) C Ui. Suppose that Mi, ^2, are eigenvectors of T 
corresponding to different eigenvalues. IfY^=i''^j ^ then Ui,U2, ■■■,Un G Ui. 

We shall present the proofs and related special examples of simple Lie algebras of 
Theorems 1, 2 and 3 in Sections 2, 3 and 4, respectively. 

2 Proof of Theorem 1 and Examples 

In this section, we shall first give the proof of Theorem 1 and then present some related 
examples of simple Lie algebras. 

2.1 Proof of Theorem 1 

First we have 

- 3iV2{a) + ji - (2.1) 
for (ctji), G r X JT" by (1.13). In particular, 

[1, = ipM^^'^ + jix^'^~^^'^ for {(3, J) e r X J. (2.2) 

Set 

r' = {(^i(a)|aer}. (2.3) 

For A e r', we define 

A(x) = {ueA2\ (adi - A)™(m) = for some m e N}. (2.4) 

By (2.2), we have 

-42=0Aa)- (2-5) 
Recall that (Xj e ker^^ satisfying (fi2{ci) — i ior i — 1,2. 
Proof of the First Statement in Theorem 1 



Let / be any ideal of A2 that strictly contains Fx'^^'^. To prove the first statement in 
Theorem 1 is equivalent to proving / = A2- 
By (2.2) and (2.5), we have 

/ = 0/a, h = lf]Aix). (2.6) 
Aer' 

For any (/3,J) eVx J, 

[x-^'O, x^'^li = 2(^i(/3)x°'^' + MMP) + l)x''^-'m - j2<^i(/3)a:°'^'-^Pi (2.7) 

by (2.1) (cf. (1.9)). If Ja 7^ {0} for some ^ A e T', wc pick any u = E(a,i)erxj(^a,i^"'' 
G /a, where Cq, a ^ IF. Assume j 7^ for some G F x JT". Fixing /? and considering 

the nonzero terms c^^-tc^'^ in u with the largest value h + I2, we have 

G /o\Fx'^''° (2.8) 

by (2.7) and the fact that ai ^ 0. Thus (2.6) implies that /q strictly contains Fx^^'°. 
Equation (2.2) imply 

\y,x^% = for (/3,J) G ker^, x J. (2.9) 

Moreover, we have 

^2x°'° (2.10) 

by (2.7). Set 

^[o]=^n( E ^^"""')- (2.11) 

(aj)eker<pjxj^2 

By (2.9), (2.10) and repeated acting adi on /q, we can prove that 

/[o] strictly contains Fx^^'^. (2.12) 

For /c G N, we let 

^(fe) = span{x°^'^ I (a, i) G F X J, < k}. (2.13) 

Then 

00 

A2=[jA{k). (2.14) 

A;=0 

Set 

k = mm{k G N I /[o] n Afc) \ ^ 0}- (2-15) 
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For any u G (/[o] n>^(fe)) \ ^x'^^'^, we write it as 

Ocx'^'^M + u', tta eW, u' e A^j^_^^ + Fx"''^ (2.16) 

aeker^-^,(a,fe)^(CTi,o) 

and define 

i{u) = \{a \ tta ^ 0}\. (2.17) 

By (2.12), i{u) > 0. Set 

I = min{^(t;) \0^ve (/[o] fj A^)) \ (^.18) 

Choose 7^ li e (-^[0] n-4(fe)) \ ^^"^'^ such that z('u) = Write u as in (2.16). 
If Ji = N, then 

/[oiflA^) 3 = E ««(^2(«) - l)a;"'^'M (mod^^^.,^) (2.19) 

aGker^j,(a,fc)7^(o-i,0) 

by (2.1). By the minimahty oi t{u) (cf. (2.18)) and Lemma 4, 

(/72(q;) = </72(/9) whenever aQ,a/j 7^ 0. (2.20) 
Assume that J'l = {0}. By (1.6), ipi ^ 0. For any r e F \ ker^^, we have 

a«99i(r)2(^2(«)-l)(v^2(«)-2)a;«A2i (mod^^^_,^). (2.21) 

QGker^-^,(a,fc)^(o-i,o) 
Again by the minimahty of t{u) (cf. (2.18)) and Lemma 4, 

{ip2{a) - l){ip2{a) - 2) = ((^2(/3) - 1){MP) - 2) whenever a^ap 0, (2.22) 

which can be written as 

{ip2{<^) - ^2{P)){^2{(^) + ^2{P) - ^) = whenever a^a/j 7^ 0. (2.23) 

Thus we obtain 

(P2{a) = (p2{P) or (p2{a) + (p2{P) ^ S whenever a^a^? 7^ 0. (2.24) 

Assume that there exists OaO/j 7^ such that </?2(q;) 7^ </'2(/9) and </?2(q;) + <P2iP) — 3. 
Without loss of generahty, we can assume ip2{P) 7^ 0, 1 because (p2{oi) + </?2(/9) = 3. For 
any r e F \ ker^^ , we have 

7Gker^-^,(7,fc)7^{(Ti,o) 

a^(^i(r)2((^2(7) - 1)(<^2(« + 7) - 2)x"+^'^Pi (mod A^j,_,^). (2.25) 



Since ip2 is a group homomorphism, (p2{ot + 13) = (p2{ot) + (p2{P) = 3. Hence 

a^^,{T)\^2{(3) - l)(<^2(a + /5) - 2)a;"+^'%i 7^ 0. (2.26) 

Thus 

< u]i, x-^\) < i{u) = I (2.27) 

because (^2(0; + /?) = 3 7^ 1 = (^2(o"i). By the minimahty of i{u) (cf. (2.18)), we have 

i{[[x^+-^\u],,x-^%)=i{u), (2.28) 

which imphes 

aa^i{Tf{^2{a) - l)(<^2(2a) - 2) 7^ (2.29) 
by (2.25). So (^2(0;) 7^ 1- Similarly, we have 

7Gker^-^,(7,fc)7^((7i,o) 

a,^,{Tf{^2{l) - l)((^2(/3 + 7) -2)x^+^'^Pi (mod^^^_,>), (2.30) 

z([[x^+^'V]i,a;-^'°]i)=<w) (2.31) 

and 

aa^i{Tf{ip2{,a) - 1)(<^2(« + /5) - 2)a^(^i(T)2((^2(/3) - l)(<^2(2/3) - 2) 7^ 0. (2.32) 

But 

(^2(a + /3) 7^ <^2(2/3), <^2(a + /5) + V^2(2/3) = 2992(/3) + 3 7^ 3, (2.33) 

which contradicts (2.24) if we replace u by [[0;^"'"'^'°, Thus we always have 

(2.20). Therefore, by (1.7), we have 

a = (5 whenever aaap 7^ 0. (2.34) 

Hence we can assume 

u = +u', ae ker^i, u' e A^k_-^^ + Fx^^'^ (2.35) 

and q; 7^ (7i if = 0. 

Assume that ^ > and </?2(q;) = 1. If ^Ti = N, then 

^[0] n -^(^-1) 3 [^""'''^' ' ^] = + E c^jx^'^'"'^'^' (mod (2.36) 



with cp G F, which imphes (Jp] 0-^(^-1)) \ ^x"^'^ 7^ 0- We get a contradiction to (2.15). 
If J'l = {0}, then (^1 ^ by (1.6) and for any r e F \ ker^^, 

= 2A;(^i(r)V'(^-^)pi + C;3X^'^^"'^'Mmod >1^^_2^), (2.37) 

where cp e F. Again we get a contradiction to (2.15). 

Suppose that ^ > and (p2{<^) 1- If ^ 0) then for any r e F \ ker^^, we have 

= 4^(^i(r)3(l-992(a))a;°'(^-')Pi+ c^x^'^^-^^Pi (mod^^^.^^) (2.38) 

o^/3eker,^^ 

with C/3 e F, which contradicts (2.15). If ipi = 0, then J7i = N by (1.6). Moreover, 

, u] = (992(a) - l)a;°'^M (mod A^^-i)) (2-39) 

by (2.1) and the facts that (pi = 0. Replacing u by {(p2{<^) — l)""^[x~"'^[ii , u], we can 
assume that a — 0. Furthemore, 

[x^M ^u]+u^d2(u)e /[o] fl A^j^_^^ \ Fx'^i'O (2.40) 

by (1.12) and (1.13), which contradicts (2.15). 

Thus we have ^ = 0. So e / for some a e ker^j such that </?2(q;) 7^ 1- Assume 
that q; 7^ 0. So cp2{a) 7^ by (1.7). If Ji = N, then 

= {ip2{a) - l)x°'° e /. (2.41) 

If J'l = {0}, then (^1 ^ by (1.6). Picking any r e F \ ker<^j, we have 

= 2^i(r)^(^2(a) - l)x''^ G /. (2.42) 

Thus we always have 1 = l^i = x°'° e /. Moreover, we can prove / = ^2 if i7i = N by 
(2.2) and induction ji. Assume that Ji — {0}. So </7i ^ by (1.6). Then (2.2) implies 

x'^'m e I for {a,j) eVx J2, ipi{a) ^ 0. (2.43) 

For any (/?, j) G ker^^ x J2 and r e F \ ker^j, we have: 

[^r,o^ ^-r+/3j[2j|^ _ (^i(r)((<^2(/5) - 2)a;'^'^M + jx'''0'-i)[2]) e /. (2.44) 
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By (2.44) and induction j, we can prove I = A ii J^2 = If 1/2 = {0}, then (2.44) shows 

el for (72 7^ /? e ker^i. (2.45) 
Thus / = ^ by the assumption of the first statement of Theorem 1. 

Proof of the Second Statement in Theorem 1 

Set 

B2 = span {a;"'° | as 7^ a G T}. (2.46) 

Then (2.2) and (2.44) shows 

B2 = [^2,^2]l. (2.47) 

Replacing A by B2 and F by F \ {(T2} in the proof of the first statement, we obtain (2.45), 
which imphes the simphcity of 

= [i32, B2] = i32/Fx^i'°. (2.48) 
This completes the proof of Theorem 1. 

2.2 Related Examples of Simple Lie Algebras 

Let M be the field of real numbers. By Theorem 1, we obtain the following examples of 
simple Lie algebras (i3, [■,■]), where ft denotes the partial derivative of a polynomial / 
with respect to the variable t. 

Example 2.1. The space B = M.[ti,t2] with the Lie bracket: 

[/, 9] = ftAdt, -9) + if- ft,)9t, for f,ge R[t,, t2]. (2.49) 

Example 2.2. The space B — M.[ti,t2,t^^] with the Lie bracket: 

if: 9] = h[ftA9t, -9) + if- ftM- (2.50) 

The space B — ^2, t^^]/'^ti and its Lie bracket is induced by: 

[/, 9] = ftAti9t, -9) + if- tift,)9t. (2.51) 

for /,y eM[ti,t2,tr']- 

Example 2.3. The space B — ]R[ii, ^2, ^3, ^r^] with the Lie bracket: 

[f.9] = ihft, + fts){9t, -9) + if- ft,){ti9t, + 9ts). (2.52) 
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The space B = M[ti, ^2, ^3, with the Lie bracket induced by: 

[/, 9] = ft^ihgti + 9t3 -9) + {f - hfti - ft3)9t2 (2.53) 
for f,geR[h,t2,h,t^^]. 

Example 2.4. The space B — M[ii, ^a, ^r^> ^2 ^]/^^2 with the Lie bracket induced 

by: 

[/, 9] = {hft, + fts){t29t, -9) + if- t2ft,){hgt, + 9ts) (2.54) 

or 

[/, 9] = hlfuihgt, + 9ts -9) + if- t2h - fM (2.55) 
for f,geR[h,t2,h,t:[\t^']. 

Example 2.5. Let m be a positive integer. Let A be the subalgebra of 

R[tl/"',tl/"',ts,U,t^'^"',^'/"'] (2.56) 

generated by 

{ti,t2,h,h,{ht2y/^,tT\t^'}. (2.57) 

In particular, A = ]R[ti, ^2, ^3, ^4, ^r^) ^2^^] when m = 1. The space B = A/Rt2 and its Lie 
bracket is induced by 

[/, 9] = (*i/ti + fts){t29t, - 9u -9) + if- t2ft, - fu){ti9h + 9ts) (2.58) 
for f,geA. 

3 Proof of Theorem 2 and Examples 

In this section, we shall first give the proof of Theorem 2 and then present some related 
examples of simple Lie algebras. 

3.1 Proof of Theorem 2 

First we have 

{ip,{a)ip2m - (^i(/3)(^2(a))a;"+''+""'''+^% (zi(^2(/3) - ji<^2(«)).x"+''+""'^+^'-^w 

+(j2</'i(a) - i2¥^i(/3)x"+^+"°'^+^'-'Pi + (iij2 - i2ji))x"+^+"°'^+^'-^iii-^i^i 

+((/?3(a + ao)M^ + ao) - ^^{(5 + aQ)ipi{a + ao))x'^+^^'^^ 

+ (23V^4(/3 + ao) - J3V'4(« + «o)).^"+'''^+^^"''^' + (^3J4 - ^4J3)a;"+'''^+^^-'M-'w 

+ (J4<^3(« + «o) - ^4<^3(/3 + ao))^"+^'''+^^-'w, (3.1) 
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for {a,i),{P,j) G F x JT" by (1.18). Recall the element a e ker<^^ keii^j satisfying 
(p3{a + ao) — ipi{(T + ao) — 0. Moreover, we treat x'^'^ as e ^4 when such cr does not 
exist. 

Proof of the First Statement in Theorem 2. 

Let / be any ideal of Aa that strictly contains Fx^'°. To prove the first statement in 
Thorem 2 is equivalent to proving I — Aa- 

Step 1. lei. 

— * — * 

For any i e J, we define 

4 

1^1 = EV (3-2) 
p=i 

Set 

A,fc = span {x""'' \aer,tej,\i\<k} for keN. (3.3) 
For convenience, we let 

A4,-i = 0. (3.4) 

Moreover, we define 

^ = min {A; e N I {A4,k H ^) \ ^^"'^ '^}- (3-5) 
For any u e {A^ fe D \ ^x"''^, we write: 

u = uid + u with M e + ^^^'''^ (3-6) 

and 

E V?^""' ««,reF (3.7) 

and define 

b(M) = |{a e F I a^^^T^ Ofor?e j", \z\ = k}\. (3.8) 

Furthermore, we set 

b = min{b(^) I ^ e ( n ^) \ ^^'^'°^>- (3-9) 

Let M e (A,fcn^) \ ^2;'"'° such that b{u) = b. Write -u as in (3.6) and (3.7). We set 

1' = 2, 2' = 1, 3' = 4, 4' = 3, e(l) = e(3) = 1, e(2) = e(4) = -1. (3.10) 
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For p e {1,2} and any r e Dp^geM ker^^ , we have 

= [(<^pW -<^p(«o))(^p'(«) + <^P'(«o)<^p(a)] 

(cT,6)j^{a,i)erxj, \t\=k 

[((^p(t) + ipp{ao))ippia) - ippiao){(pp{a) + (/5p(r)))]a„;a;"'* (mod^^_J (3.11) 

by (3.1). Since <fp{T) takes an infinite number of elements in F for r e ker,^^ by 
(1.15), the coefficients of 9?p(t)^ show 

(Pp>{a)(pp>{a - ao) = ipp>{(5)ippi{(5 - cco) whenever a^ppj 7^ (3.12) 

by the minimality of \){u) (cf. (3.9)) and Lemma 4. Moreover, (3.12) is equivalent to 

ipp,(a) ^ ipp'{P) or ippi{a + ^ - ao) ^0 whenever a^-fi^j^O. (3.13) 

Assume that there exist a,/? e F such that (fp'{oi) ^ (fp/{P), (pp>{oi + /? — cto) = and 
J 7^ 0. We may assume that (pp'{a) ^ 0. Choose 

re Pi ker^^\ker^^, r' G p| ker^^ \ ker^^, (3.14) 
P7^?eM pV^gm 

such that 

</7p/(q; + t' + q;o) 7^ 0, (^p(t - q;o)(^p'(q;) 7^ (^p(q;)(^p'(t' - ckq) (3.15) 
by (1.15). We have 

j^r+r'-ao,0^^|^ = J] epa^_;-{(^p(T - Q;o)<^p' (t) 

(<T,0)7^(7,r)Grx j", \l\=k 

-(^p(7)(^p,(T' - ao)]:i^^+"+"'''' (mod (3.16) 
by (3.1). Since \){u) is minimum, a + r + r' 7^ cr due to f-Ppiipt + r' + ao) 7^ 0, and 

^p(^a,iM'^ - «o)¥'p'(«) - Vp{a)Vp'{^' - ao)) 7^ 0, (3.17) 

we have 

epa^j(ipp(r - ao)ipp'{P) - ipp{(5)ipp>{T' - ao)) 7^ 0. (3.18) 

But 

iPp,{a+TW) ^ ipp'iP+T+r'), ipp'((a+T+T') + {P+T+T')-ao) = 2(/?p/(T') ^ 0, (3.19) 

which contradicts to (3.13) with u replaced by Thus the first equation in 
(3.13) holds. 
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For p e (3, 4} and any r e Dp^geM ker^^ , we have 

{a,6)jt{a,i)erxj, \i\=k 

[cpp{T)(pp>{a + 2ao) - ipp{ao)iPp'{a) + (^p(Q;)(^p/(Q;o)]a^_ja;"'* (mod J (3.20) 

by (3.1). Since <^p(t) takes an infinite number of elements in F for r G flp^qeTl ^^'^v'? 
(1.15), the coefficients of ^pir^ show 

(Pp>{a + ao)(pp>{a + 2ao) = (fip'{/3 + ao)(fip'{l3 + 2ao) whenever a^-fi^j ^ (3.21) 

by the minimality of b{u) (cf. (3.9)) and Lemma 4. Moreover, (3.21) is equivalent to 

(Pp'{a) = (pp'{l3) or ^pp'{a + /5 + 3q;o) = whenever a^ja^j ^ 0. (3.22) 

Assume that there exist q;,/3 e F such that '{>pi{oi) ^ ipp'{(3), ipp'{a + P + Sao) — and 



a 



Q 1^/3 J 7^ 0- assume that ipp'{a + ao) 7^ because (pp'{a) ^ ^p'{(3). Choose r 

and t' as in (3.14) such that 

(Pp>{a + t') ^ 0, </7p(r + aQ)^Pp'{a + ao) 7^ </'p(q; + q;o)</7p'(t' + ao) (3.23) 

by (1.15). We have 

[a;^+^''°,M]2 = epa^,;-{<^p(T + ao)<yi?p' (7 + ao) 

(o-,0)^(7,Z)6rx j', |Z|=fc 

-(^p(7 + ao)^p,{T' + ao)]x^+"+"''^^ (mod ^^.J. (3.24) 

by (3.1). As (3.17)-(3.19), we get a contradiction to (3.22) with u replaced by [2;'^"'"'^''°, m]2. 
Thus the first equation in (3.22) holds. By (1.7), we obtain 

a — (5 whenever d^pi^jj^O. (3.25) 

Let 7 ^ be fixed. 
Case 1. k = 0. 

In this e / for some cr 7^ a e F. Assume that a 7^ 0. Since 

= 2(^3(«)<^4(«o) - <^3(«o)^4(a))x°'° (3.26) 
by (3.1), then 1 = 1_4 = e / if (p3{oi)<P4{oio) 4" '{>z{oiQ)'~P'ikoL). 
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Assume that v^3(Q;)</24(ao) = <P3{(^q)<P4{(^) and (^3(0; + ao) 7^ or (^4(0; + ao) 7^ 0. By 
(1.15) and (1.16), we can choose 

3 

re fl ker^„ r' G fj ker^, (3.27) 

¥'3(T)<^4(Qio) 7^ </i'3(Qio)</24(r') (3.28) 
((i?3(T)¥'4(tt + ao) 7^ 9^3(0; + Q;o)9'4(r')- (3.29) 



such that 



and 



Then 

a;"'°]2 = (9'3(r)<^4(a + "o) - <^3(« + ao)9^4(r'))a;"+^+"''° G /. (3.30) 
Thus e 7. Moreover, 

(/73(q; + t + T')(p4{ao) = ((^3(0;) + ¥'3(T))(^4(Qio) 
7^ </?3(q;o)(</?4(q;) + </?4(t')) = (p3{oio)V4{oi + t + t'). (3.31) 

So 1 e / by the arguments in the above paragraph. 

Suppose that (p3{a + ccq) = (^4(0; + cto) = 0. Since a ^ a, there exists p e {1, 2} such 
that (pp{a) ^ 0. Pick any r' e (flpV^eM ^^^v"?) \ ker^^,. Then we have 

a:^''0]2 = ej,(^p(a)<^p. (^/)^a+ao+r',o ^ j_ ^3 32) 

By (1.16), there exists q e {3,4} such that ^^^(ao) 7^ 0. Thus 

</?q((Q; + CKo + r') + CKo) = </7g(Q;o) 7^ 0, (3.33) 

which imphes 1 e / by the arguments in the above paragraph. 

Case 2. k > and there exists p G {1, 2} such that (pp{a) = and jp > for some 

By (1.17), there exists r e ker^3 P| ker,^^ such that <fp{r) — (pp{ao). We choose r' e 

flpYf/eM k^'^'P.j such that (pp'ir' + r) 7^ V'pK'^o), -V^pK*^)- ^o^® that 

( n ^) 3 [^^'^^"°°'°. ^ ep,<pp,{T' + r - ao) J] lpa^^Jx'^-^^'^^^^-'y^^ 

lej,\l\=k 

+ E ^A^-^^''"''^' (niod^,_^_,) (3.34) 

a+T'+T^I3eT,TeJ,\A=k-l 
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by (3.1) withc^^-e F, which contradicts (3.5) because a+r'+r 7^ a due to ipp'{a+T'+T) ^ 
0. 

Case 3. k > and there exists p G {3,4} such that (pp{a + ao) = and jp > for 
some a^j ^ 0. 

By (1.17), there exists r e ker^^^ ker<p2 such that (fpir) = —(pp{ao). We choose 
^ ripYgeM ^^^^9 \ k^^v'p' ^^ch that (/3p'(r' + r + ao) 7^ 0, -(^^/(q;). Note that 

+ E ^A^-^^''^''^' (^odA,;,_,) (3.35) 

a+r'+r^/3er,rej',|zl=fe-i 

by (3.1) with ^- e F, which contradicts (3.5) because a + r' + t a due to ipp'{a + t' + 
T + ao) 7^ 0. 

Case 4- k > 0. There exist p e {3,4} and 7^ such that (fp{a + a^) ^ and 
jp > 0. 

We choose r' e DpV^en ^^^v'g ^^^^ ^^^^ '^p'(''"' + <^o) ^-^id 

¥'p'iT')¥'pioi + Oio) + 2(pp>{ao)(pp{a) - 2(pp>{a)ipp{ao) ^ 0. (3.36) 
Then we go back to Case 3 if m is replaced by m]2, where 

[a;'^'~"'°,'u]2 = ep/[</9p'(TVp(a + «o) + 2'^p<{aQ)<^p{oL) - 2'^p<{oL)ipp{oLi^\ 
E V'''" (mod^^.J (3.37) 

by (3.1). 

Case 5. k > 0, (P3{q:o)^Pa{o:) — 'f3{Q:)ip4{ao) — and there exist p G {1, 2} and a^j 7^ 
such that (Pp{a) 7^ and jp > 0. 

We choose r' G (flpV/eM^^^'/'g) \ ^^^Vp' ^^^^ 

<^p'('^')<^p(«) - ¥'p'(«o)<^p(Q!) + ^p'{a)^p{ao) 7^ 0. (3.38) 
Then by we go back to Case 2 if rt is replaced by [x'^'~"~°o,o^ ^j^^ where 



t' —a—ao,0 



,u\2 = €p'[ipp>{T')ipp{a) - ipp'{ao)ipp{a) + ipp>{a)ipp{ao)] 



E V''U^odAj,_,) (3.39) 
reJ,\i\=k 
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by (3.1). 

Case 6. k > 0, ip3{ao)ip4,{a) — (p3{c()i^4{ao) ^ and there exist p e {15 2} and o^jj 7^ 
such that jp > 0. 

We go back to Case 2 if it is replaced by it] 2, where 

[x-"'^,u]2 = 2[ip:i{ao)Ma)-ip3{a)ipi{ao)] ^ a^pi;^'^ (mod^^_J (3.40) 

ieJ,\i]=k 

by (3.1). 

This completes the proof of the conclusion in Step 1. 
Step 2. The conclusion of Step 1 implies I = A. 

By (1.16), there exists q e {3,4} such that (^^(ao) 7^ 0. Moreover, there exists 
Tq e ker^pj Pi ker^2 such that (pq{Tq) = —(pq{ao) by (1.17). By (1.15), there exists r' e 
Dq ^^^v'r- \ ker^^, such that (pq'{r' + Tq + ao) ^ 0, we have: 

[^r'+r„o^ 1]2 = e^,^^,(r' + r, + a^)^^q{a^)x''' e I (3.41) 
by (3.1). So x'^'+'^'j'O e 7. Moreover, for any (a,!) E F x J, we have 

a;"'^ = eq,cpq,{T' + + ao)(<^9(a + ao)2:"+"''+"''^+ ^92;"+^^+"' ^"'''O- (3-42) 

By (3.42) and induction on iq, we can prove / = ^4 if = N. Assume that Jq = {0}. 
Then (3.42) shows 

x^'^ e I for any (/3, J) e T x J, (^,(/3) ^ -2<pq{ao) (3.43) 

because (^^(q; + + r') = — 2^9^(0:0) if V^g(« + «o) = 0. Furthemore, there exists Tq' e 
ker^^P|ker^2 such that (pq'{Tq') — —(pq>{ao) by (1.17). Thus x'^+V e / for some r e 
D^^reM^ev \ ker^p such that (pq{T + Tq>) ^ -(pq{ao), -2(pq{ao) by (1.15). Exchanging 
positions of q and q' in (3.42), we can prove / = ^4 if Jq/ — N and (3.43) with q replaced 
by q' if Jq> = {0}. Thus we always have 7 = ^4 if J'g = N or ^"4 = N. 
Assume that J3 = J4 = {0}. The above paragraph has proved 

x^'^ e I for any ((3,j) eTxJ, ^ -"^^M^) or ^ -2^^{a^). (3.44) 

Let "p G {1,2}. By (1.17), there exists G ker<^3 ker^^^ such that i^pirp) = ipp{ao). 
Choose t' G DpVr-eM^^^vr \ ker^^, such that (^p'(t' + - cvq) 7^ by (1.15), we have 
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^r'+rp-ao,o e / by (3.44) and 

^^r'+r,-a,fi^ ^a,i^ ^ ^^,^^,(^^' + ^-^ _ q;o) ((^p(q;)x"+^^+^''^ + ipX^+^^+^'-^-^M ) (3.45) 

for any {a,i) & T x J'. By (3.45) and induction on ip, we can prove / = Aa if = N. 
Assume tliat J^p = {0}. Tlien (3.45) shows 

xf"'^ e I for any (/3 J) eVxJ, ^^{(5) ^ ^p{a^) (3.46) 

because (pp{a + + r') = ^p{Tp) = (pp{ao) if (pp{a) = 0. Since (1.20) is equivalent to 

<Pi{p) = </'i(«o), </?2(p) = </'2(a;o), <P3{p) = -2(/?3(q;o), (/?4(p) = -2(/?4(q;o), (3.47) 

We obtain the first Statement in Theorem 2. 

Proof of the Second Statement in Theorem 

Now J — {0} and there exists p G F such that (1.20) holds. Set 

For any a, /3 e F, we have: 

[x"'0,xH2 = (<^i(a)<^2(/3) - (^i(/3)(^2(a))x"+'^+"'"° + (<^3(a + ao)<^4(/9 + c^o) 

-(^3(/3 + ao)¥'4(a + ao))^°+'^'° (3.49) 

by (3.1). If ipi{a + p + ao) = v?i(ao) and ipiia + p + ao) = ^2(0^0), then (fi{a) = -(/?i(/3) 
and v?2(tt) = -V2{/3)- Thus v?i(a;)v?2(/5) - Vi{l3)V2{a) = 0. If (/53(q; + P) = -2^93(0:0) and 
ipi{a + p) = -2ip4{ao), then (^3(0;) = -(^3(/3) - 2ips{ao) and (^4(0;) = -(p4{P) - 2(^4(q;o). 
So 

(/73(q; + ao)ip4{P + ao) - (p^iP + Q;o)</?4(a; + ao) 
= ((/93(a) + (/93(ao))v94(/3 + ao) - V^3(/3 + ao)('^4(«) + V^4(ao)) 
= (-¥'3(/3) - (p3{ao)){(p4{P) + (p4{ao)) - {(fisiP) + (p3{ao)){-(p4{P) - (p4{ao)) 
= 0. (3.50) 

Thus [A, A]2 C B4. Hence [A, A]2 = B4 by (3.42) and (3.45) with t = 6. Replacing 
Ai by B4 and F by F \ {p} in the proof of the first statement in Thorem 2, we obtain 
(3.41) and (3.43), which implies / = B4. Therefore, 

^ = [B4, B4]2 = B4/¥x'''^ (3.51) 

is simple. 

This completes the proof of Theorem 2. 
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3.2 Related Examples of Simple Lie Algebras 

Let M be the field of real numbers. By Theorem 2, we obtain the following examples of 
simple Lie algebras {B, [•,•]), where ft denotes the partial derivative of a polynomial / 
with respect to the variable t. Let m be a positive integer and let n be a nonzero integer. 



Example 3.1. Let A be the subspace 

m— 1 

Y,it^t2ht4y^'^R[ti,t-^ I i e M] + m[%%H^i (3.52) 

J=l (n,n,-2n,-2n)7^(/i,/2,«3,/4)eZ4 

of the polynomial algebra ^^"^ | i G 1, 4]. The space B = A/M.{tst4)^'^ and its 

Lie bracket is induced by 

- {Ufu + 'Ti'f) {h9tz + rig) (3.53) 

for f,geA. 

Example 3.2. Let A be the subalgebra of 

R[ty"',t-'/"',h\i = TA] (3.54) 

generated by 



{ti, t-\ h, (ht2t3Uy^'^ I i = 1, 4}. (3.55) 

When m = 1, 

A = R[ti,t;\t5\i = TA]- (3.56) 

The space B — ^/M(i3t4)~" and its Lie bracket is induced by 

[/, g] = tit2{t]t2hUY{ft^gt^ - ft2gti) + {tsfts + h + nf){Ugt^ + ng) 

- {Ufu + nf) {tsgts + gts + ng) (3.57) 

for f,geA. 

Example 3.3. Let A be the subalgebra of 

MK'/^trV- i5,i6M = M] (3.58) 

generated by 

{U, t;\ t,, te, {ht2hUf''^ I i = M}. (3.59) 
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When m = 1, 

A = R[ti,t;\h,te\i^lA\- (3.60) 
The space B — A/'^{tst4)''^ and its Lie bracket is induced by 

[/, g] = ht2{tit2hUY{ft^gt^ - ft^gt,) + {hfts + + nf){Ugt^ + gt^ + ng) 

-{Ufu + fte + T^f){hgt3 + 9t^ + ng) (3.61) 

or 

[f,g\ = i2(W3i4)"[(ii/ti+/t5)^t2-/t2(^i^ti+^t5)] 

Hhfts + /t6 + nf) {Ugt^ + ng) - {tjt^ + nf) {hgt^ + gt^ + ng) (3.62) 

for f,geA. 

Example 3.4. Let A be the subalgebra of 



y"',t;'/"',t,,t,,tr\i^T^ (3.63) 
generated by 

{ti, t-\ te, tr, (ht2ht4)^/"' I i = M}. (3.64) 

When m — 1, 

A = R[ti,t;\t5,te,tT\i = i;4\. (3.65) 
The space B — ^/M(i3i4)~" and its Lie bracket is induced by 

[/, g] = h{hhhU)''[{hft, + ft,)9t, - ft,{tigt, + 9t,)] + {hft, + ft, + nf) 

X {t4gt4 + 9t7 + ng) - {Ufu + ft-, + nf) {Ugt^ + gt^ + ngr) (3.66) 

for f,geA. 

Example 3.5. Let A be the subalgebra of 

R[ty'^,t;'/'^,U^i\i^i;4\ (3.67) 

generated by 

{U, tr\ U^,, {hhhU)^'"^ I i = M}. (3.68) 

When m—1, 

A^^ti,tr^,h,U,ti\i = i;A\. (3.69) 
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The space B = A/M.{tst4) " and its Lie bracket is induced by 

{tit2hUT[{tift, + ft,){t2gt, + gt,) - ihft, + h){tigt, + gt,)] + {hft, + ft, + nf) 
X {t^gu + 9ti + 'ng) - {tJt4 + fta + nf) {tsgts + gtr + ng) (3.70) 
for f,geA. 

4 Proof of Theorem 3 and Examples 

In this section, we shall first give the proof of Theorem 3 and then present some related 
examples of simple Lie superalgebras. 

4.1 Proof of Theorem 3 

We assume that the conditions in Theorem 3 hold. First we have 

= {(pi{a)(p2{p) - (pi{f3)ip2{a) + €ipi{i3) + €ipi{ao - a)/2 + {(p2{ao)(pi{a) 
-^i(ao)^2(a))/2)(x"+^'^+^>i] + - j,cp2ia) + sin - t,/2) 

+Zl(^2(«0)/2)(x"+'''^+^'-l[^l)[l] + {l,j2 - Z2jl)(x"+^'^+^'-^W-^l^l)[l] 

+ij2Ma) - i2ipM - i2¥^i(«o)/2)(x"+^'^+^'-^Pi)[i] (4.1) 
for {a,i), {/3,j) e F x JT" by (1.26). In particular, 

[(x"'°)[o], = (^i(a)(^2(/3) - MP)Mo^) + ^MP) + £^i(«o - a)/2 

+ (v?2(ao)v5i(«) - V5i(«o)v52(a))/2)(x"+''^'-0[i] 

+ji(£ - <^2(«))(a;"+'''^'-^w)[i] + j2<^i(«)(a;"+^'^'-^Pi)[i] (4-2) 
for a e F and (/3, J) e F x J^. When a = 0, we get 

[l[o], {x^%]2 = e{MP) + </^i(«o)/2)(a:^'^')[i] + eMx^^^-'^^%]. (4.3) 
If £ = 1 and Ji = N, we get 

i3i = [A,A]=A (4.4) 

by (4.3) and induction on ji. Taking a e ker^j \ ker,^^ in (4.2) when £ = and (/?! ^ by 
(1.29), we get 

[{x-%],{x^'nm] = v^i(«)(vP2(/5) + V^2(«o)/2)(a;"+^'^>i] 

+i2<^i(a)(x"+'^'^'-'i^i)[i] (4-5) 
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for (pj) eT X J. If J2 = N, then we obtain (4.4) by (4.2) when Ji = {0} and by (4.5) 
when e = and ipi ^ 0, and by induction on j2. Consider the case that £ = 0, (^2^0 
and Ji — N. Letting a e ker^^ \ ker^j in (4.2) by (1.29), we have 

— # — * 

for {P,j) G r X JT". Again we have (4.4) by (4.6) and induction on ji. Suppose that 
s = 0, ifi = = and J\ = J2 = N, we have 

[(xO'^w)[oi,(x°'^l[il]=j2(x°'^^-^'^>)[i] (4.7) 

for j e J by (4.1), which imphes (4.4). Thus we have proved (4.4) holds when J ^ {0}. 
Assume that J = {0}. By (4.2), 

[(a;"'°)[o], (x^'°)[i]]] = bi(a)(^2(/3) - <^i(/9)<^2(a) + e^,{(5) + eip,{a, - a)/2 
+(<^2(«o)</:'i(«) - <^i(ao)¥^2(«))/2](x"+^'°)[i] (4.8) 

for a, /9 e r. In particular, 

[l[o], = (sMP) + £^i(«o)/2)(a;^'°)[i], (4.9) 

[(a;"'°)[o], l[i]] = lie^iiao - a) + (v^2(«o)v^i(«) - ^i(ao)¥'2(a)))(a;"'°)[i]. (4.10) 
Suppose that £ = 0, aoj^O and (1.29) holds. By (4.10), 

(a;"'°)[i] e Bi for a e T, (^2(ao)<^i(a) - (^i(ao)(^2(a) 7^ 0. (4.11) 

Note that (pi ^ and <^2 ^ by (1.6). For any /5,r e F such that v?2(tto)v^i(/5) — 
¥'i(ao)9'2(/9) = 0, we have 

[(a;[-op^'°,(x^'°)[i]] = [((^i(/3)+(/Pi(ao)/2)v.2(r)-(</.2(/3) + </^2(«o)/2)</.i(r)](x^'°)[i]. (4.12) 

If 

(/^i(/3) + <pi{ao)/2 ^ or (^2(/3) + ¥'2(«o)/2 ^ 0, (4.13) 
then we can choose r G F such that 

i<fM + (/Pi(ao)/2)</P2(r) - (^2(/3) + ^2(ao)/2)^i(r) ^ (4.14) 

by (1.29) and have (x^'°)[i] G Bi. Thus we have 

= {(x"'°)[i] I a e F, 2a 7^ -ao}. (4.15) 
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Next we assume that e = 1 and (pi{ao) = 0. Then by (4.9), 

(a;"'°)[i] G Bi for a G T, ipi{a) 7^ 0. (4.16) 

For any /3 e ker,^^ and r e F, we have 

[{x-+''%, = ^(^i(r)(3 - <p,{ao) - 2Mm^^%] (4-17) 

by (4.2). If 3 - <^2(ao) - 2v?2(/3) ^ 0, then we choose r e ker^^ \ ker^^ in (4.17) by (1.29) 
and have {x'^'^)[ij G Bi. Thus we have 

Bi = {(x"'°)[i] I a e F, <p,{a) ^ or 2(^2(«) 7^ 3 - (^2(«o)}. (4.18) 

Now we assume that e — 1 and ipi{ao) ^ 0. By (4.9) and (4.10), 

{x^% e B, for a G F, ^.{a) + or ^M) + ^Zl^. (4.19) 

By (1.7), there exists at most one «; G F such that 

( \ <^i("o) /V 3 - <^2(ao) (. ^r>^ 

<^i(«) = <^2(«) = ^ ■ (4.20) 

Assume that such k exists. By (4.8), 

[(X"'°)[0],(X— '°)[1]]] 

= [V3i(a)(^2(«) - V^i(fi:)v52(a) + V'i(« - a) + (/3i(q;o - a)/2 

+((^2(Q;o)<^i(Qi) - <^i(Q;o)<^2(Qi))/2](a;'''°)[i] 
= {^Px{oL){?> - ip2{aQ))/2 + (/7i(q;o)</?2(q;)/2 - </7i(q;o)/2 - </7i(q;) + ipi{ao - a)/2 

+ {^2{ao)^i{a) - v?i(ao)v22(a))/2)(a;'"'°)[i] 
= (4.21) 

for any a G F. Thus 

Bi = {(a;"'°)[i] I a G F, a 7^ k}. (4.22) 
Therefore, the codimension of ;B in ^ is at most one. 

By (1.26), l[o] is a central element of A when £ = 0. Recall that ui is an element of 
ker,^^ satisfying </?2(ci) = 1. When £ = 1, we have 

= (1 - ^2(a0)(x-'°a, (.))[,] + ^iMil^^aM(^<^.o,)j,, ^ o (4.23) 

by (1.12) and (1.26). Expression (4.23) shows that (x'^^'°)[o] is a central element of A 
when e — 1. Thus (1-28) defines a quotient algebra C. 
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Let / be any ideal of B such that / strictly contains Fl[o] when £ = and ¥{x^^'^)[o] 
when e = 1. To prove Theorem 3 is equivalent to proving I = B. 
First we assume that If]Bi^{0}. Note that 

/ D [/ Pi i3i , ^ F + Fx"^ + Wx''''^ (4.24) 

by (1.25), (4.4), (4.15), (4.18) and (4.22). Moreover, it is known that 

Aq is a simple Lie algebra when (f2 = 0, ^2 — {0} and e — 1 (4-25) 

(e.g., cf. Theorem 2.2 in [X4]) and 

74o/Fl[o] forms a simple Lie algebra (4-26) 

when £ = by theorem 4.1 in [X4]. Thus 

Ac/ if £ = (4.27) 

by (4.24) and (4.26). Moreover, by Section 2, (2.21) and (4.25), we have 

{x"'%] e / for ((72, 0)^{a,I) eVxJ (4.28) 

if £ = 1, where (T2 G ker^^^ and (/32(c2) = 2. Furthermore, by the arguments in (4.1)-(4.22), 
we have 

Bi C /. (4.26) 

Note that there exists I e N such that {x^^+'^^^^'^)[i] e Bi by (4.4), (4.15), (4.18) and 
(4.22). Hence, we have 

[(x-''^^-"°'°)[i], (a;('+i)^2'°)[i]] = e I (4.30) 

by (1.25). Thus/ = i3. 
Next we assume 

/f|A ^Fl[o] if £ = (4.31) 

and 

/f|A^F(a;'^i'°)[o] if £ = 1. (4.32) 

Then we have (4.27) and (4.28) by Section 2, (4.25) and (2.26), which imphes I ^ B. 

Now we assume that If^Bi — {0} and I 1^ Aq. Let w — U[o] + V[i] E I \ Aq with 
u,v E A2- Then v and u ^ Fl[o] when £ = and u ^ ¥{x'^'^'°)[o] when e — 1. Since 

[uio],w] = ['U[o],'t;[i]] e lf]Bi, (4.33) 
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we have [M[o],'y[i]] = 0. Thus 

[vi^,w] = [vi^,vi^] = ix''''%%] e /. (4.34) 

If ^ F when £ = and x'^'>'^v'^ ^ Wx"^^'^ when e — 1 (which naturally holds if 

(/72 = 0), then we have (4.27) and (4.28) by Section 2, (4.25) and (4.26), which implies 
I = B that contradicts / -^i = {0}. 

Consider the case that £ = and x°'°'^v'^ G F. Up to a constant multiple, we can 
assume that 

V = (4.35) 

Note that by (4.1), 

[(x"'^)[o], (x-°°/2-5)j^j] _ for any (a, e T x J. (4.36) 

Thus 

[Ao,w]elf]Ao, [Ao,w](t¥l[o] (4.37) 

by (4.26), which leads to 7 = B that contradicts iCl^i^ {0}- 

Consider the case that e — 1, 9?2 ^ and x°'°'^v'^ e Fx^i'°. Up to a constant multiple, 

we can assume that 

V = a;('^i-"o)/2,o_ (^4_3g-) 

Note that 

[ix^'%], (x(^i-"°)/2'°^)[i]] = for any (a,?) e T x J (4.39) 
by (4.1). So we have 

[Ao,w] e lf]Ao, [Ao,w] t F(a;'^^'0)[o] (4.40) 

by Section 2, which leads to 7 = B that contradicts I{\B\ — {0}. This completes the 
proof of Theorem 3. 

4.2 Related Examples of Simple Lie Superalgebras 

Let M be the field of real numbers. By Theorem 3, we obtain the following examples of 
simple Lie superalgebras (B, [•, •]) (cf. (1.21) and (1.22)). 

Example 4.1. The space E = R[t] x R[t] with the Lie bracket: 

[/[o], ^[0]] = ifg' - fghh [f[ih9[i]] = {fghh [/[o], ^w] = ifg' - fgf^h] (4.4i) 
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for f,ge R[t] (cf. (1.23)), where /' = df/dt. 

Example 4.2. The space B = R[t, t'^] x R[t, r ^] with the Lie bracket: 

[f[o]:9[o]]^{tfg'-tfg)^o]: [/[i],5[i]] = (^/5)[o], [/[o], ^[i]] = [^/s' + (/ - ^/')^/2][i] (4.42) 

for /, (? G M[t,t~^] (cf. (1.23)). In this case, the Lie superalgebra {B, [•, •]) is the centerless 
super Virasoro algebra. 

Example 4.3. The space B = M[ii,i2] x lR[^i,^2] with the Lie bracket: 

[/[o], c/[o]] = [fti{9t2 -9) + {f - ft2)9t,]io], [/[I], 5[i]] = (/^)[o], (4.43) 

[f[oh9[i]] = [ftAgt. - 5/2) + (/ - fM[i] (4.44) 

ior f,geR[U,t2,ti'] (cf. (1.23)). 

Example 4.4. Let n be an integer. The space B — R[ti,t2,ti^] x ]R[ti, ^7^] with 
the Lie bracket: 

[/[o], £/[o]] = [iti9tr + 9t2)f - (hftr + fMlQ], [f[i],9[i]] = (tifghh (4.45) 

[f[o],9ii]] = [{ti9t, + 9t2)f + {nf - hft, - /tj5/2][i] (4.46) 

or 

[f[o],9[o]] = [tiftii9t2 -9)+ hif - ft2)9ti]lo], [f[i],9[i]] = {tif9)[o], (4.47) 

if 10], 911]] = [hft,{9t2 - 9/2) + (/ - ft2){h9t^ + n^/2)][i] (4.48) 
for f,g eR[ti,t2,t];^] (cf. (1.23)). The space 

B = (M[ii, t2, t^'] X M[ii, t2, t^'])/Rl[o] (4.49) 

with its Lie bracket induced by 

[/[o],5[o]] = {tifti9t2 - tift29t,)[o], [f[i],9[i]] = {tif9)lo], (4.50) 

[f[o],9[i]] = [hfti9t2 - ft2{h9ti + ^«//2)][i] (4.51) 
ioT f,g eR[h,t2,t^^] (cf. (1.23)). The space 

B - {R[ti,t2, tr'] X R[ti, t2, tr'])/K(ti)[o] (4.52) 
with its Lie bracket induced by 

[f[o],9[o]] ^ [ft2{ti9ti -9) + {f - tM9t2][o], [f{i],9{i]] = {tif9)[o], (4.53) 
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[f[o],gii]] = [ft^ihgt, + {n- l)g/2) + (/ - hftMm (4-54) 

ioT f,geR[t,,t2,t^'] (cf. (1.23)). 

Example 4.5. Let n be an integer. The space B = M.[ti,t2,ts,t]^^] x M.[ti, 12,^,1^-^] 
with the Lie bracket: 

[f[ohm] = [{hfti + ft3){9t2 -9) + {f - ft2){ti9t, + 9t3)][o], [f[i],9[i]] = {tif9)[o], (4.55) 

[f[o],g[i]] = [{hft, + ft,){gt2 - gm + (/ - Uihgt, + gu + ng/2)\,^ (4.56) 

for /,5 e M[ti,t2,t3,tr^] (cf- (1-23)). The space 

B = (M[ii, ^2, ^3, ^r'] X ^[ii, ^3, ^r'])/Kl[o] (4.57) 
with its Lie bracket induced by 

[/[o], 5'[o]] = [(^i/ti + ft3)gt2 - ft^ihgti + gt3)][o], [f[i],g[i]] = {tifg)[o], (4.58) 

[f[o],9[i]] = [{tifti + ft3)9t2 - ft2{ti9ti + c/t3 + ng/2)][i] (4.59) 
for e M[ii,i2,i3,ir^] (cf- (1-23)). The space 

B = (M[ti, h, h, t^'] X M[ti, t2, h, t^^])/M(ti)[o] (4.60) 
with its Lie bracket induced by 

[fio],gio]] = [ft2itigti + gt3 -g) + if - hfti - ft3)gt2][o], [f[i],g[i]] = itifg)[Q], (4-6i) 

[f[o],9[i]] = IMigt, + gt3 + {n- i)g/2) + (/ - tjt, - /ts)^*^]^ (4-62) 
ior f,geR[h,t2,t^'] (cf. (L23)). 
Example 4.6. The space 

B = {R[ti,t2, ti\ t2^] X R[ti, t2, t2"'])/Kl[o] (4.63) 
with its Lie bracket induced by 

[/[0],5[0]] = [tlt2{ftigt2 - /t2fti)][0], [/[1],^[1]] = {tlt2fg)[Q], (4.64) 

[/[o],5[i]] = [^i^(%t. +5/2) -t2/t,(ti5ti +5/2)][i] (4.65) 
for e K[ii,i2,ir\*J^] (cf- (1-23)). The space 

B = (M[ti, t2, ^2 '] X Mh, t2, t^'])/R{t2)[o] (4.66) 
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with its Lie bracket induced by 

[/[o],^[o]] = [tifti{t29t2 - g) +ti{f -t2ft2)9ti][o], = ((^i^2)/^)[o], (4.67) 

[f[o],9[i]] = [tit2fh9t2 + (/ - t2ft,){tigt, + ^/2)][i] (4.68) 
for/,5eM[ti,t2,tr\^2''] (cf. (1.23)). 

Example 4.7. Let m and n be an integer. The space 

B = (M[ti, t2, ^3, ^2"'] X M[ti, t2, ^3, ^2"'])/Kl[0] (4.69) 
with its Lie bracket induced by 

[/[o], ^[0]] = hihft, + ft,)gt2 - t2ftAtigti + gts)][o], [f[i],g[i]] = (C^2/y)[o], (4.70) 

[/[o], 5[i]] = [{tifti + ft3){t2gt2 + ng/2) - t2ft2{tigti + gta + mg/2)]m (4.71) 
for e M[^l,^2,^3,^^^^2"^] (cf. (1.23)). The space 

B = (M[ii, t2, h, t^'] X R[ti, t2, h, ^2 '])/K(ii)[o] (4.72) 
with its Lie bracket induced by 

[/[o],^[o]] = [t2ft2{tigt,+gt3-g) + t2{f-tift,-ft3)gt2][o], [/[i],^[i]] = (C^27^)[o], (4.73) 

[f[o],g[i]] = [t2ft2{tigt, + gts + {m- l)g/2) + (/ - tjt, - fts){t2gt2 + (4.74) 
ior f,g eR[ti,t2,h,t];\t2^] (cf. (1.23)). The space 

B = t2, h, 12'] X M[ti, t2, h, t^'])/R{t2)[o] (4.75) 
with its Lie bracket induced by 
[/[o],^[o]] = [{tift,+fts){t2gt2-g) + {f-t2ft2){tigt,+gts][o], [/[i],^[i]] = (C^2/^)[o], (4.76) 

[f[o],g[i]] = [{tift, + ft,){t2gt2 + (n - l)g/2) + (/ - t2^)(ti^t, + 5*3 + ^^/2)][i] (4.77) 
for /,^eM[ti,t2,t3,ir\^2"'] (cf. (1.23)). 

Example 4.8. Let khe a, positive integer and let A be the subalgebra of 

]R[tf ,^3,^4,^^^/^^2"'/1 (4.78) 

generated by 

{h, t2, h, u, {ht2f'\ ti\ t2'}. (4.79) 
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In particular, A = ^2, ^3, ^4, ^, ^2 ^] when k = 1. Suppose that m and n are two 
fixed integers. The space 

B^{Ax A)/m^ (4.80) 

with its Lie bracket induced by 

[/[O], ^[0]] = [{hfi + ft3){t2gt2 + 9u) - ihfti + ftJihgti + 9t3)][Q], (4-81) 

[/[i],^[i]] = («/^)[o], (4.82) 
[f[o],9[i]] = [{tifh + fts){t29t, + 9u + n9/2) - {hft, + fuWwt, + (4.83) 
for f,geA (cf. (1.23)). The space 

B^{AxA)/m{t2)io] (4.84) 

with its Lie bracket induced by 

[f[o],9[o]] = [{hftr + ft3){t29t2 + 9u -9) + {f - hft^ - fu){ti9ti + 9t3)][o], (4-85) 

[/[i],5[i]] = ((C^2)/5)[o], (4.86) 

[/[o],5[i]] = [{tift, + fts){t29t,+9u + {n-l)g/2) + {f-t2ft,-fu) 

x{tigt,+gt3+mg/2)][i] (4.87) 

for/,5e^(cf. (1.23)). 
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